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U := L∞(0, T )
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q,}Å´













`µ : R × Rn → R
½°>>4 V}±t¸Áo>

φµ : Rn → R
½<~{|>p }




gµ : Rn → R
½_oQ >~
yµ0 ∈ R






`µ(u(t), y(t))dt + φµ(y(T ))
¹± T¼
}o­~qT
ẏ(t) = fµ(u(t), y(t))
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(`, φ, f, g, y0) := (`
µ0 , φµ0 , fµ0 , gµ0 , yµ00 )
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(`µ, φµ, fµ, gµ, yµ0 )
½T~q,V¯°q,A«mo­oq p
(Pµ)












ˆ̀ : R × Rn × M0 → R
D
φ̂ : Rn × M0 → R
D
f̂ : R × Rn × M0 → Rn
D
ĝ : Rn × M0 → R
>
ŷ0 : M0 → Rn
½<}±>m\m>
`µ(u, y) = ˆ̀(u, y, µ)
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fu(u, y) = Duf(u, y)
´Kl~q,Â$$V














1 ≤ r < ∞
>
‖u‖∞ :=
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(Pµ)
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R × Rn → R, (u, y) 7→ gµy (y)f
µ(u, y)
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Hµ : R × Rn × Rn∗ → R
¹Áq,}Å´
H̃µ : R × Rn × Rn∗ × R → R
¼?q~q °>oqT*­|{F
Hµ(u, y, p) := `µ(u, y) + pfµ(u, y)
¹   ¼
H̃µ(u, y, p1, η1) := H
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I(gµ(y)) := {t ∈ [0, T ] ; gµ(y(t)) = 0}.
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I(gµ(y)) = Tto ∪ Ib
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PCkS [0, T ]
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S ∪ {0, T}
´ >v




ϕ(τ±) := limt→τ± ϕ(t)
½?\>p ­|{
[ϕ(τ)] := ϕ(τ+) − ϕ(τ−)
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PCk,rS [0, T ] := PC
k
S [0, T ] ∩ C
r[0, T ]
´¾¿q}}±qÆm>qo$
νS := (ντ )τ∈S ∈ RCardS
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(u, y)







η ∈ M[0, T ]
>
p ∈ BV([0, T ]; Rn∗)
½
(η, p, α) 6= 0
½o}>m*m>$F
ẏ(t) = fµ(u(t), y(t))
>´ qV´4V
[0, T ] ; y(0) = yµ0
¹I¼
dp(t) = {α`µy (u(t), y(t)) + p(t)f
µ
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¹Ápq~q q >oq > q}Vp¯q,¼F
ẏ = fµ(u, y)





y (u, y, p1, η1)
V
[0, T ] \ T
¹ TV¼
0 = H̃µu (u, y, p1, η1)
V
[0, T ] \ T
¹    ¼






[0, T ] \ Ib
¹± ,V¼




gµ(y(τen)) = 0, τen ∈ Ten
¹± GKV¼














y (y(τen)), τen ∈ Ten
¹ZV¼




y (y(τto)), τto ∈ Tto.
¹Z¼
Éh}±V~V¸_m>qvq,$ÂqÃ¸ÁVp1o}$}±°>q,}moq 9














en), τen ∈ Ten ; η1(τ
−
ex) = 0, τex ∈ Tex
¹Z9L¼











}A}}±~ q, pFooq,}Æ m>q¯q >$ÂVq
¸ÁVp1o$>1opq,},½~moqA¸Á$«o¡}}±>po>}GF











t ∈ [0, T ].
¹ZI¼
 ¢ s5o¸Ápq ¡>{v¸~moq?}±$qª >}±WoqTÅmoq?
W2}±q ,½$Z´ qV´½Hmoq qÃq
È~}±}
β, ε > 0}±mm>$
|(gµ0)(1)u (û, ȳ(t))| ≥ β,
¸Á5>´ >´












g(ȳ(T )) < 0
´
 ¦ ÏºÏ ¤
	»¥
	 Ï   ËWËË      
(ū, ȳ)
! R%E)
+(	%	 #N % % #
(Pµ0)  "8#!
 "! $#&% 8'! )(% +* '.
(ū, ȳ)
"P%	 #N % %O#H	 &
 #%&+ #N	2 %,!.-#&%8'!/#0#&%  V" 6 9
 %	 !%
 %1!2#43'%8'!2#5'% 
6 +(&7  V´   ¶³ ¬­qÆ}mo$« ¹»}q q: >½|VÅ´~´ ,=Ö¼4m>$?o>oq A¹»ÉvV¼³²¹»É   ¼½|q $V>}t¹± T¼·²¹ZV¼
mq 2B,q¬2W{V¡ q




¼½2¿moq\¹»ooWoqT¼  	2E  !	 pFooq,}
η ∈ M+[0, T ]
>









ν1τ1t≥τ (t) − η1(t
















K  % 
	   &+S.
 }}± pFooq,}
(p, η)








PC1,0T ([0, T ], R
n∗) × PC1,0T [0, T ]
´2¶³5}}±q,V}±{¬}±q,qÆm>,½o«moq, ¹µ9<¼Ãmoo},½
H̃µ(·, y, p1, η1) = H
µ(·, y, p),
>moq > q½¹µÉvV¼Ã}?qTV>Â$q W¹Á«m
p̄
m>q








t ∈ [0, T ].





6 +(&7  ´   ¶³¸
(u, y)
}$}±°>q,}4moq5q,$Âqª¸ÁpF>1>¹»ÉvV¼³²¹»É   ¼½moq,Ä¹µL¼4}q,WoÂV²
q,WÃmoq >~­q $«®¹µ}±q,qH: ,=> : o½o´Qo´  L =Á¼F
(gµ)(1)(u(τ−en), y(τen)) = 0, τen ∈ Ten ; (g





¹±    ¼> ¹»ÉÆ¼
½«Ãq}±q,qm>moq* WQ}}Ä
W|oV>}$>mKV} ´*¶³¸Á$«5}Æm>$
(u, y) ∈ PC1,0T [0, T ]× PC
1,1
T ([0, T ]; R
n)
´












½Wm>q > qtmoqÆ >o¯V*­q $« }
}$}±°>qTÇ¹µ
p>qv ¹µo ,¼¼F
(gµ)(1)(u(τto), y(τto)) = 0, τ ∈ Tto.
¹µV¼
  14A5+-17#!j8 +- %2L	
¾¿qp5VqvÄo~¹µÉvV¼³²¹»É   ¼ªmoqA¸ÁV$«o¡V}}op~V>}F
 ¢    #%&+ &    !%+ )	 +( &






t ∈ Int Īb;
¹µV¼
 ¢
	 %R   . 	 




































 ªË   §    
(ū, ȳ)




  ! $#&%8'! )(%  * '
!!#N+ ) % ! '%R
+ )	   '.@ ' #%	
	 %T
  %.8    . 	 






g(ȳ(t))|t=τ−en < 0, τen ∈ T̄en ;
d2
dt2






V := L2(0, T )

Z :=
H1(0, T ; Rn)
½Æ«moq q
H1(0, T )











H̃(u,y),(u,y)(ū, ȳ, p̄1, η̄1)((v, z), (v, z))dt










ż = fy(ū, ȳ)z + fu(ū, ȳ)v

[0, T ] ; z(0) = 0
¹µ I¼




(u,y)(ū(t), ȳ(t))(v(t), z(t)) = 0 t ∈ Īb
¹µ9<V¼
gy(ȳ(τ))z(τ) ≤ 0 τ ∈ T̄to.
¹   V¼
¾¿q
V>}~q,ÃmoqA¸ÁV$«>¡}q, >~²ZV~q,Ã >o¯V F
J1(v, z) > 0,
¸Á5
(v, z) ∈ V × Z
½
(v, z) 6= 0
½o}$}±¸Á{Wo¡Ä¹Z I¼³²¹»9<V¼´ ¹    T¼






























J1(v, z) > 0,
¸Á5
(v, z) ∈ V × Z
½
(v, z) 6= 0
½o}$}±¸Á{Wo¡Ä¹Z I¼³²¹   V¼
.
¹   ¼
6 +(&7 o´   l?moqÆ}±qT
V>|²³~q }NM¬
q WÃ >o¯V\¹    ,¼Q>}q,¬moqv}±­o{>}q >}ÂW{
>{~}±}Å}«ªqT5q,<mmoqªVoqº¡VÂVq : , =³½$«moq,qºmoqªq W{AVW4 >}±Wª¹»KV¼Å}4p±q,<´













 T  % 
	   &+S.
 Âq,



















`µ(u(t), yµu(t))dt + φ
µ(yµu(T ))
´
y|> q\}* poq pq W¯{/~|q,}o¬mo $>m W},½?moq\}±>oqÄ¸Amoq
q,
{ ¹Á/moqÄ}q >}q¸v|op1­q,¬>j~q,1¸v­o>>{  }> V>m/VW}¼ " %






>V­oq,p} ´Al?m>$Æ}Æ«m>v«Ãq1,m>HÂ|o¡   '.!%&













 "! $# %8'!  5 % * 'C '.
#%	
	2%T
   !& %. &/H #N
	2. 
¹»¼  %& 	
	; 9	2 9  %.
(Pµ)
%O#
(Pµ0)   '&/  "S  '!%&%'%%G (Vu, Vµ)
% #
(ū, µ0)  (#& !'  '#%& 	
	
µ ∈ Vµ  
 '.&/ "	2%  !	
	 V #N. #.U	2%  !	 %!)







   '. #N. #%&+ #.&/  &/% T '  !%
 % H '.&/(" 
c, r > 0  !#& !' '
Jµ(u) ≥ Jµ(uµ) + c‖u − uµ‖22, ∀ u ; ‖u− ū‖∞ < r, g
µ(yµu) ≤ 0 on [0, T ];
¹     ¼
¹»Ö¼ * '.P&/% S! !%8O%&/&P!#      !%
 % ! (- % '%	2  
	 J9
 %   # 
 '&T).%
  ! %%& !
 % " " 6 !  9% U (pµ, ηµ)  '! #N. #. %  	2 !  !	+ #N	  )	  &! !%    E T












  '   '.!%&%'%% % #
ū   '+(E)9)
  µ 7→ (uµ, yµ, pµ, ηµ) ∈
U × Y × L∞(0, T ; Rn∗) × L∞(0, T )
"   )   !'W

  !%.




m>q q}omoq pKqT}±>¯­q mo>Kl?mÅ´~´   ´¬¾¿qo$ÂVq1 l?mÅ´   ´   m>$o~q 
¹µÉvV¼³²¹»ÉtW¼½ 	
	70 %.&9 9















È~}q > q¸>oWoq~ ~p}±V~VÇ¸
(Pµ)





q È|q p}v}$}±¸Á{|>¡}pqqT}V>}Æ moqF}±>oq½V}vX: o½l?mÅ´   ´ =Z´FstoV>q oqT}}
¸}±$V>{VW} ½~
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A4
#
Ã{ ¹»ÉÆ¼³²¹»É   ¼
½5oo{|>¡ moqÇpo
*¸Áo>

























,} ½W­|{¬q p>o¡Fmoq¡q,­otÂ$­oqT} ½~>¬«¯q































(x, t1, t2) → Fµa (x, t2 − t1)
½



























































































i ), i = 1, . . . , n,
¹   <V¼














Θ := Rn ×RN ×RN ×RN­qmoq }>V
q¸Æ}mo|>¡¿pq
q } ½¸Æ~pq >}





θ = (p∗0, ν



































 H  % 









































{1, . . . , N}
 qT}±~>¡






F (θ, µ) = (Φ(θ, µ)∗, Ψ(θ, µ)∗)∗,«m>q q
Ψ





½Æoq oq, ­|{ m>q¿ÂVq,

gµ(y(tento )) ∈ R
Nto










Φ(θ, µ) = 0
>





























∗, ν̄1, t̄en, t̄ex)






















¶³t}mo>­qo>~q,>q,m>5«ªq$«½|¸ÁVp1o¸2o­oq px¹L   ¼
½>q,V{¬pqT}Â$¯²
­oq,}t*­qF¡VqT$q 5m>\q






 ¹L   ¼A¹µ
Vpq
«mÇ¹»V¼±¼Q}º}NM¬
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6 +(&7 o´   ¾ m>q /moq }±qÄ
V>}±V}¸Æmo¡Vmoq Voq T½ºo>oq ¬}pq >­>>},½ª
>oqT}}q WÃ>m/VW¬}$}±¸Á{Wo¡ ¹»   ¼q m>q ­q,





«m>q  K­Vo>o{joq,},½Ã}q q :  =³´  }±qTV>q W{½ªmoqÇ~oo,$V/¸ &EE #&  	2 m

















Vpoq,pq W{oV­oq p ¹L   ¼´l?moqÆV
θ0
}~V¬¸ª¹L   ¼º¸ÁV

















DθΦ(θ0, µ0)(θ − θ0) − δ1 = 0
DθΨ(θ0, µ0)(θ − θ0) − δ2 ∈ N(θ)
¹LV¼
>*moqp>o>¡







}1}±o¡V{Kq ¡Vo,½4moq j­W{>: ,=Z½Qmoq qq
È~}±}1oq,¡VmW­mo|~o}



























θµ = θ0 + Ξ(−DµF (θ0, µ0)(µ − µ0)) + o(‖µ − µ0‖).
¹L<V¼
 ªË   §    9&R !(#N+ ) % %O# * '  o´    ! (- % 
+ )	    '. θ0 "  &/% 	 &/  #N	2&%	 #N % % # !  ( %#%&
µ = µ0
  %&/)&/! "	   9




en, cex) ∈ Rn × RNba × RN × RN  δ2 = b1to  
 '&/ 9"  #N. #.
ω ∈ Θ  ω =
(π0, γ
1, σen, σex),
%	 #N %C% #@ ';#%	
	2% T
 J&E	2 %   #N
 	2 - %+! 45 % T
 ' ω = θ − θ0

{
DθΦ(θ0, µ0)ω − δ1 = 0






	2%    
(vδ , zδ, πδ , ζδ , λ
1
δ)
! '. #N. #.P%	 #N % JE%   ! + #N	 8
 )	 &!%O#U '.;#%	
	2%T
  	 














i ) = b
1






i ) ≤ b
1
i , i ∈ Ito,
¹µV¼




&/  !%   !  &/).! 
 	   T
 '  '  !%.&/
. ! 3 %  ! 3 %+! 5 #
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0 &/%G%O#  ¾¿qtVo{1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|¸½Vmoqv±q º­q o¡}±pºm>$Ã¸Åq,pp
  ´ F :  =³½>}q q}± : , =Å«moq,qÆmoq­o|!5W²·~q, o>o¡F>Vq,±{¸moqVV
­>*¸moq}mo|>¡
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i = 0, i ∈ Ito.
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	 U).&  #N	2&   ' %	 #N % (uµ, yµ, pµ1 , ηµ1 )
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γ > 0  (#& '  '.#%& 	
	 i ∈ Ito











0 &/%G%O#  q
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i = O(‖µ − µ0‖) ; ν
µ,1
i = O(‖µ − µ0‖).
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(u, y, p1, η1)
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i ) = (y, p1)(t
µ,ex−
i ) = (y, p1)(t
µ,ex+
i )
´ Ã{~q °>o¸¹L   ¼½o«ÃqAm>HÂq
(gµ)(1)(u(tµ,en−i ), y(t
µ,en
i )) = (g
µ)(1)(u(tµ,ex+i ), y(t
µ,ex
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θ = θµ
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[u(tµ,exi )] := u
+(tµ,exi ) − u
−(tµ,exi )
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(gµ)(1)(u±(t), y±(t)) = (gµ)(1)u (u






























































i )] = 0.y~> q
η̇+1 (t
µ,ex





























i )] < −C.
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 9&U!!#N+ ) %.U  !%
 % !
 %S%O# * '  o´     ' %	 #N % (uµ, yµ, pµ1 , ηµ1 )%O#1! (5'%8'! ( &% #%&
θ = θµ  '&/ θµ "P%	 #N % %O# !  ( %  "P(#& !'R '. (uµ, yµ) "H(0 % &9
&E+(	 % #
(Pµ)  T
 '  	2 !  !	 + #N	  )	  &! (pµ, ηµ) 9
  !2#&%    '. +S!)9)
  µ 7→
(uµ, yµ, pµ, ηµ) ∈ U×Y×L∞(0, T ; Rn∗)×L∞(0, T )
"   )  'N
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µ(tµ,eni )) = 0
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Vo¡q,¡o{\¹ q pp   ´ ,¼
½ >}mo/BF W|o{¸
(θ, µ) 7→
(u, y, p, η)|k
½>«moq,q
(u, y, p, η)|k
~q,oq,}?moq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i − δ, t̄
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HÂq  oq,¡Vm|­Vo¡ }±>oq m>$*¸
(ū, ȳ)
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0 < δ < δ̄
 	
	! 9	2  %.
(Pµ)
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U ×M ×Θ  (#& !'  ' 	
	 2VV{W¡V¬q È|q p} (u, y) % # (Pµ)T
 '
(u, µ) ∈ Vu × Vµ
" 6   '$#%	
	2% T
 P)&/%!)&   T
 '  '  !%. " T I(gµ(y)) 9 6 !
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i ∈ Iba  I(gµ(y)) ∩ Ωδi
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i ∈ Ito  I(gµ(y)) ∩ Ωδi
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θ
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(u, y)
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µ ∈ V µ  (uµ, yµ) "	2%  !	
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~$¡V$«?mÄ : ~½_l?m´ULo´ =m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V>|²³~q v}±NM¬ q,V
 >o¯V¿¹    ,¼ÃmoV>} ´
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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 
Ã{ q pp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Ξ : Vδ → Vθ
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d ) ∈ R
n × RN × RN × RN
¹KV¼
}}Ã¸ÁV$«5},´  q >q­|{












D2(u,y,µ),(u,y,µ)H̃(ū, ȳ, p̄1, η̄1)((v, z, d), (v, z, d))dt
+ 12D











ż(t) = Df̂(ū, ȳ, µ0)(v, z, d)
V
[0, T ], z(0) = 0
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KV¼
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o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moq Ç~qTV>{ ~24q,q,V­oq½ moq/}±V~V
(uµ, yµ, pµ1 , η
µ
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½~}±q,q5moq *5q pE5~}5 ´   >Ä ´ ¼
½W«ÃqtV­~ ¹µ}
C: o½ Åq,pp   ´ =Á¼ºmoqA¸ÁV$«o¡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  Ë|Ï ¦ Ë    
(ū, ȳ)
!0 %.&9 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  ! $#&%8'! 5 %  	 #S
 '&
).%
  ! %J%&!
 %J% # * '  ~´   " " 6 E   '.C '&/( "HV  '.E%&%'%%G Vµ % # µ  !#& !'R '. ' +(E)9)
 
µ 7→ (uµ, yµ, pµ, ηµ)
"  & ! !' 
&/!  %	
	 J  &/. 9	2
R 'P)  E
Lr(0, T )× W1,r(0, T ; Rn) × Lr(0, T ; Rn∗) × Lr(0, T ),
#%&	
	
1 ≤ r < +∞  
 'P&

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(Pd)  
'W
	2 '.% %O#  '  !%!  
pµ
V!    !%.!&/
. + #N	  )	  &
ηµ
&E% 
E  &/)! 
	      
πd(t) = π1,d(t) + ζ1,d(t)g
µ0






γ1d,i1t≥t̄eni (t) − ζ1,d(t).
¹ <VV¼
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 %  	
	$(#N+ )T)&/+(&!U (#N)  % 
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(Pd)




D2(u,y,µ),(u,y,µ)H(ū, ȳ, p̄, µ0)((v, z, d), (v, z, d))dt + D




D2g(ȳ(t), µ0)((z(t), d), (z(t), d)dη̄(t) ¹<o T¼
¸ÁV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i + o(‖µ − µ0‖).
¹<   ¼
   F+ (	

¾¿qA>}qvmoqAq,}o}Ã¸Åmo}?>q V1Âq {­>}tq È~poqV´2¾Çq
V>}~q,ÃmoqAo­oq p)¸


















dx ; ẏ(x) = u(x) ; y(0) = 0 = y(1).
















p(T ) − φy(y(T )) = 0
­|{




















































en) = −h ; g((xex − 1)














l?m>qA¯q >$ÂVq}$q >}±WÃp1o¯>q 5V
[xen, xex]
}?¡VÂVq ­W{F
η1(x) = p1(x) = −g(x − xex) ≥ 0, η̇1(x) = −g < 0,
>moq > q½~moq?op>pq q 5q W{pq}GF








¾¿qv >}oq ºq >­>>}º«´ T´ ,´2op>Â$oq,}º¸Å>pq q,}
g = g0 = 1
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γx − (2η + γ/4)

[0, 1/2]
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    % 
	   &+S.
zd(x) =
{
γx2/2− (2η + γ/4)x

[0, 1/2]



























g = g0 + γ
>




















d = (γ, η)
F
 }q¹»V¼
(γ, η) = (0,−0.02)
 }q¹Á­¼
(γ, η) = (1, 0)
 }q¹»,¼
(γ, η) = (1,−0.02)
´
 V}±q5¹µV¼
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q,}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vq q Â$¸|moq¡>>Æq,Âq Z½$ V}±q5¹»­¼Å qT}±>>}vA> qT}>¡























 3 %4##!/#! I8#%25+   
l?m>q¬oW¸¸5l?moq Vq,p   ´   «Ã>}q«ÃÄq,ppV} ´Är5q*m>F­|{¿ W|o¯{¿¸?moq¬po>o¡















dη(s) = η(T ) − η(t+)
¹ TW¼
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ν1τ1t<τ (t) + η1(t) ; p


































p1(T ) = φµy (y(T ))
¹ TW¼
0 = Hµu (u(t), y(t), p
1(t)) + (gµ)(1)u (u(t), y(t))η
1(t).
¹ T I¼
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η1
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 
(ū, ȳ)
E 0 %.&9 9
  &/+S	*% #
(Pµ0)
" #!
  !  # %8'!  3 %  ,$%.! &
 	2V  . %
(Pµ)   	  (un, yn = yµnun )
!V 0 % &9
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 % P
pn, ηn
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M[0, T ]  
# 
‖ηn − η̄‖1,∞∗ → 0  
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'.&/
‖ · ‖1,∞∗








#N  #%&+H	 V%&
[0, T ]
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‖pn − p̄‖∞ → 0
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γBC[0,T ] ⊂ G
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1 ½ η̄n := ηn − η̄ > η̄1n := η1n − η̄1 ´ Ã{\¹ T¼
























































































































≤ C|φµny (yn(T )) − φ
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[0, T ] \ Ωδ
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U ×M  !#& !' '.T # (u, y) "U 2W{V¡q
È|q p %O# (Pµ) T
 ' (u, µ) ∈ Vu ×Vµ   '
(u, y)






i = 1, . . . , N
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¾¿qv«_oq oqÆmoqÆo|¸Å¸ q ppFÉ´   ­q,$« moqÆ}q, >~²ZV~q,QpqÆoq Â$$ÂVqt¸Åmoq
}±q
V>}±V?­|{F























0 = H̃µuu(u, y, p
1, η1)u̇ + H̃µuy(u, y, p
1, η1)fµ(u, y) − H̃µy (u, y, p






u (u, y)u̇ + g
(1)
y (u, y)fµ(u, y) = (gµ)(2)(u̇, u, y),
¹ V ,W¼
{
0 = H̃µuu(u, y, p
1, η1)u̇ + H̃µuy(u, y, p
1, η1)fµ(u, y) − H̃µy (u, y, p
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‖un − ū‖∞, ‖µn − µ0‖ → 0
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in = i ∈ {1, . . . , N}
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(gµn)(2)(u̇n, un, yn) →
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i = 1, . . . , N
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0 ϕ(t)dη̄(t) > 0
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